Mathematical Derivation of Modified Duration

Modified Duration

Recall that the price, P, of a bond is the equal to the present value of its cash flows, CFt. For a discount rate, i, the following expression holds:
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We can move the denominator into the numerator as follows:
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Taking a first derivative with respect to the interest rate, i, we get an expression for the change in price for a small change in yield:
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Rewriting the exponent in the last term on the right hand side we get
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By moving the last term to the denominator and breaking it into two parts, we have
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Pulling the constant term in the denominator out of the summation, we have
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This expression represents the dollar price change for a small change in yield. This is simply the time weighted discounted cash flows divided by (1+i).

Dividing both sides by P, the price of the bond, we get the following expression for the corresponding percentage change in price of the bond given a small change in yields:
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The term in brackets is Macaulay Duration. The product of the two terms on the right hand side is Modified Duration.

We can move the di to the right hand side for the following expression:

(MD-8)

[image: image8.wmf]di

P

i

CF

t

i

P

dP

n

t

t

t

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

+

×

+

-

=

å

=

1

)

1

(

)

1

(

1

.

The left-hand side is the percentage change in price.  The right hand side is the Modified Duration of the bond multiplied by the change in yield.

For the dollar change in price, we can multiply both sides by P to get:
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